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QUANTUM ZENO EFFECT GENERALIZED
TIM MO¨BUS1,2 AND MICHAEL M. WOLF1,3
Abstract. The quantum Zeno effect, in its original form, uses frequent
projective measurements to freeze the evolution of a quantum system that
is initially governed by a fixed Hamiltonian. We generalize this effect si-
multaneously in three directions by allowing open system dynamics, time-
dependent evolution equations and general quantum operations in place of
projective measurements. More precisely, we study Markovian master equa-
tions with bounded generators whose time dependence is Lipschitz contin-
uous. Under a spectral gap condition on the quantum operation we show
how frequent measurements again freeze the evolution outside an invariant
subspace. Inside this space the evolution is described by a modified master
equation.
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1. Introduction
The quantum Zeno effect predicts that frequent projective measurements can
slow down and eventually freeze the evolution of a quantum system. It has
been theoretically discovered and proven in [1] and its surprising consequences,
in particular for decaying quantum systems, have been experimentally verified
for instance in [2, 3]. Mathematically, it is intimately related to the Trotter-
Kato product formula [4]. Both can be proven by using one of the oldest tools
in this context—Chernoff’s
√
n-Lemma [5].
In this paper we use Chernoff’s Lemma together with standard tools from
operator theory to simultaneously generalize the quantum Zeno effect in three
directions: we consider open quantum systems, allow for time-dependent evo-
lution equations and use general quantum operations in place of projective
measurements. More specifically, we consider an open quantum system whose
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2 MO¨BUS AND WOLF
time evolution is described by a master equation
∂tρ(t) = Lt
(
ρ(t)
)
, ρ(0) = ρ0.
The generators Lt are supposed to be bounded and with Lipschitz-continuous
time-dependence. Assuming that this evolution gets repeatedly intercepted by
a quantum operation that itself has a well-defined limit, which we denote by
P , we show that the overall evolution becomes the solution of
∂tρ˜(t) = L˜t
(
ρ˜(t)
)
, ρ˜(0) = P (ρ0) with L˜t = PLt,
in the limit where the frequency of the interception goes to infinity.
The literature on the quantum Zeno effect is vast (see [6, 7] for an overview)
and we can only mention those works that appear to be closest to ours. For
finite-dimensional quantum systems with time-independent evolution equa-
tions the quantum Zeno effect has been generalized towards more general
measurements for Hamiltonian dynamcis in [8, 9, 10] and for Lindblad-type
dynamics, in parallel to the present work, in [11, 12]. [12] also allow for finite
families of arbitrary quantum operations and in this way follow an interesting
route that is not addressed in the present paper.
After completion of this work [13], we also became aware of the recent
preprint [14] in which essentially the same questions have been addressed. The
tools and perspectives slightly differ, but the results seem to be consistent.
2. Preliminaries
This section will introduce basic concepts and fix the mathematical frame-
work and notation. Throughout, H will be a complex separable Hilbert space
and B(H) and T (H) the spaces of bounded operators and trace-class op-
erators on H, respectively. The trace-norm, which makes T (H) a Banach
space, will be written ‖A‖1 := tr [|A|] and the space of bounded linear maps
T ∈ B(T (H)) becomes itself a Banach space with operator norm ‖T‖ :=
supX∈T (H)\0 ‖T (X)‖1 / ‖X‖1. All convergence results in this work will be w.r.t.
this norm. In particular, all operator-valued integrals and derivatives are un-
derstood in the corresponding uniform operator topology.
We will describe the evolution of quantum systems in the Schro¨dinger pic-
ture. In this framework a quantum channel is a completely positive and trace-
preserving map T ∈ B(T (H)) describing the evolution of a density operator
ρ 7→ T (ρ) in discrete time. We will write the identity channel as id : ρ 7→ ρ and
call a completely positive map a quantum operation if it is trace-non-increasing.
We will use the fact that quantum channels and quantum operations that have
a non-trivial fixed-point space satisfy ‖T‖ = 1 [15] and 1 ∈ spec(T ) ⊆ D1 [16]
where D1 := {z ∈ C | |z| ≤ 1}.
Norm-continuous one-parameter semigroups have bounded generators [17].
In the special case of a semigroup of quantum channels, also known as quan-
tum dynamical semigroup, we will denote such a bounded generator by L. It
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describes a continuous time evolution via
∂tρ(t) = L
(
ρ(t)
)
, ρ(t) = etLρ(0).
Our aim is to study the effect of a frequently repeated measurement or more
general operation that intercepts an evolution like this in regular time inter-
vals. To this end, the effect of the considered operation will be described by a
quantum operation M : T (H) → T (H). If M is trace-preserving this means
that no post-selection conditioned on the measurement outcome is made. In
this case, the measurement outcome will not be used afterwards so that M
actually need not be a measurement but can as well be any quantum mechan-
ical time evolution. A central assumption for everything that follows is that
M has an eigenvalue 1 and that this is separated in magnitude from the rest
of the spectrum. That is, we assume that
1 ∈ spec(M) ⊆ {1} ∪Dδ for some δ < 1. (1)
Note that for a quantum operation 1 ∈ spec(M) already implies that ‖M‖ = 1,
which in turn is necessary for obtaining a non-zero Zeno-limit later on. Eq.(1)
also implies that the curves Γ : [0, 2pi] 3 ϕ 7→ 1 + eiϕ(1− δ)/2 and γ : [0, 2pi] 3
ϕ 7→ (1 + δ)eiϕ/2 both separate the two parts of the spectrum. Due to the
upper semicontinuity of each separated part of the spectrum, there is an  > 0
such that Γ and γ also separate the spectrum of MetL for all t ∈ [0, ] (cf. [18]
p.212). In this way, the assumption in Eq.(1) enables us to define
Pt :=
1
2pii
∮
Γ
(
z id−MetL
)−1
dz for all t ∈ [0, ]. (2)
The map [0, ] 3 t 7→ Pt is analytic (cf. [18] p.368) and projection-valued
(cf. [18] p.178). In particular, P := P0 is the spectral projection corresponding
to the eigenvalue 1 of M and since P = limn→∞Mn, P is a quantum operation
in its own right.
3. Time-independent case
Theorem 1 (Quantum Zeno effect for open systems). Let L be a bounded
generator of a quantum dynamical semigroup on T (H). If M is a quantum
operation on T (H) that satisfies the spectral condition in Eq.(1) and whose
spectral projector corresponding to the eigenvalue 1 is denoted by P, then for
all t ≥ 0: ∥∥∥(MetLn)n − etPLPP∥∥∥→ 0 for n→∞. (3)
For finite-dimensional H this result is also implied by [12] (Thm.1 therein).
We divide the proof of Thm.1 into two parts, which are stated as Lem.1
and Lem.3 below. Thm.1 is then obtained by combining the two Lemmas via
triangle inequality. In the reminder of this section, we will for ease of notation
absorb the time parameter of tL into L.
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Lemma 1. Under the assumptions of Thm.1 and with Pt defined as in Eq.(2):∥∥∥(MeLn)n − (P 1
n
Me
L
nP 1
n
)n∥∥∥→ 0 for n→∞. (4)
Proof. We assume n ≥ 1/ and use the spectrum-separating curve γ : [0, 2pi] 3
ϕ 7→ (1 + δ)eiϕ/2 for holomorphic functional calculus (cf. §2.3 in [19]). This
allows us to write∥∥∥(MeLn)n − (P 1
n
Me
L
nP 1
n
)n∥∥∥ = ∥∥∥∥ 12pii
∮
γ
zn
(
z id−MeLn
)−1
dz
∥∥∥∥
≤
(
1 + δ
2
)n+1
sup
z,τ
∥∥∥(z id−MeτL)−1∥∥∥ ,
where the supremum is taken over the compact set (z, τ) ∈ γ × [0, 1/n] on
which (z id −MeτL) is bijective. Since the inverse is continuous on the set
of bijective bounded operators, the supremum is attained at a maximum, say
s(n) <∞. The fact that s(n) is non-increasing in n together with (1+δ)/2 < 1
then completes the proof. 
For the next step we need the following auxiliary Lemma by Chernoff [5]:
Lemma 2 (Chernoff’s
√
n-Lemma). Let X be a Banach space, C ∈ B(X) a
contraction and 1 the identity map on X. Then∥∥Cn − en(C−1)∥∥ ≤ √n ‖C − 1‖ ∀n ∈ N, (5)
where ‖·‖ is the operator norm on B(X).
With this we can show the following remaining step in the proof of Thm.1:
Lemma 3. Under the assumptions of Thm.1 and with Pt defined as in Eq.(2):∥∥∥(P 1
n
Me
L
nP 1
n
)n
− ePLPP
∥∥∥→ 0 for n→∞. (6)
Proof. Again, we assume n ≥ 1/ so that the projection P 1
n
is well-defined.
We aim at applying Chernoff’s inequality from Lem.2 with X := P 1
n
T (H).
Since X is the kernel of (id− P 1
n
), it is a closed linear subspace of T (H) and
thus itself a Banach space when equipped with the norm ‖·‖1. Then 1 := P 1n
is the identity in B(X) and C := P 1
n
MeL/nP 1
n
becomes a contraction in B(X)
to which we apply Lem.2. The central quantity to analyze then becomes
n(C − 1) = P 1
n
MLP 1
n
+ n
(
P 1
n
MP 1
n
− P 1
n
)
+O
(
1
n
)
, (7)
where we expanded the exponential eL/n to obtain the r.h.s.. Before continuing
with this expression, let us define P ′ := ∂tPt
∣∣
t=0
and note that exploiting Pt =
P 2t before taking the derivative with the product rule implies P
′ = PP ′+P ′P .
Expanding P 1
n
= P + 1
n
P ′ +O(1/n2) and using that PM = P this yields
n
(
P 1
n
MP 1
n
− P 1
n
)
= PMP ′ + P ′MP − P ′ +O(1/n) = O(1/n).
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Inserting this into Eq.(7) we obtain n(C − 1) → PLP for n → ∞. This in
turn implies that the r.h.s. of Eq.(5) vanishes asymptotically so that Chernoff’s
Lemma finally leads to Eq.(6). 
Combining Lem.1 with Lem.3 via the triangle inequality then also completes
the proof of Thm.1.
Before extending the result to the time-dependent case, let us briefly discuss
the generator L˜ := PLP that appears in the theorem and that will also show
up in the time-dependent case discussed in the next section. In general, L˜
will not generate a quantum dynamical semigroup even if P is a quantum
channel, since complete positivity may be violated. However, this gets cured
when the evolution is restricted to PT (H). On this restricted space, however,
many generators that act differently on T (H) lead to the same evolution. We
may for instance choose L˜ ∈ {PLP, PL, P (id + L) − id} and they all lead to
identical eL˜P . Clearly, there are many more choices and depending on L and
P , these may or may not generate a completely positive evolution on T (H).
For a particular example see [11] (remark 4, example 1).
4. Time-dependent case
In this section, we consider time-dependent scenarios where the starting
point is the solution of the time-dependent master equation
∂tρ(t) = Lt
(
ρ(t)
)
, ρ(0) = ρ0 (8)
in some finite time-interval t ∈ [0, τ ]. Throughout we will assume that t 7→
Lt ∈ B
(T (H)) is an L−Lipschitz map into the set of bounded generators
of quantum dynamical semigroups. The solution of Eq.(8) can be expressed
with the help of propagators (a.k.a. evolution operators). These form a two-
parameter family of quantum channels T[t,s] for 0 ≤ s ≤ t ≤ τ so that ρ(t) =
T[t,s]
(
ρ(s)
)
. The propagators then satisfy (cf. [20] Sec.7.1)
T[t,t] = id, T[t,r]T[r,s] = T[t,s], ∂sT[t,s] = −T[t,s]Ls, (9)
for t ≥ r ≥ s and we can regard the derivative in Eq.(9) in the uniform operator
topology.
As before, we will intercept the evolution by applying a quantum operation
M in n regular time-intervals and our interest is in the asymptotic behavior
of the resulting evolution that is described by the quantum operation
Tn :=
n∏
i=1
(
MT[ i
n
τ, i−1
n
τ
]) . (10)
Here and in the following, products of this form have to be understood time-
ordered, i.e., maps are composed in the order of the corresponding times. Our
main result is the following natural extension of Thm.1:
Theorem 2 (Zeno effect for time-dependent master equations). Let t 7→ Lt ∈
B(T (H)) be a Lipschitz continuous map into the set of bounded generators of
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quantum dynamical semigroups, and M ∈ B(T (H)) a quantum operation that
satisfies the spectral condition in Eq.(1). Then the limit ρ˜(τ) := limn→∞ Tn(ρ0)
exists and coincides with the solution of
∂tρ˜(t) = PLtP
(
ρ˜(t)
)
, ρ˜(0) = P (ρ0), (11)
where P is the spectral projector corresponding to the eigenvalue 1 of M .
Before coming to the proof of Thm.2 we will establish the main Lemma
that allows us to approximate the evolution that solves Eq.(8) with piece-wise
constant generators:
Lemma 4. If t 7→ Lt is L-Lipschitz and T[t,s] the family of evolution operators
of the corresponding time-dependent master equation, then for all t, s, δ ≥ 0:∥∥T[t+δ,t] − eδLs∥∥ ≤ L(δ|t− s|+ δ2
2
)
. (12)
Proof. We divide the estimate into two parts given by the following triangle
inequality: ∥∥T[t+δ,t] − eδLs∥∥ ≤ ∥∥T[t+δ,t] − eδLt∥∥+ ∥∥eδLt − eδLs∥∥ . (13)
In order to bound the first term, we invoke the fundamental theorem of calcu-
lus, which together with Eq.(9) yields
T[t+δ,t] − eδLt = −
∫ t+δ
t
∂r
(
T[t+δ,r]e
(r−t)Lt) dr
=
∫ t+δ
t
T[t+δ,r]
(Lr − Lt)e(r−t)Ltdr.
Using that
∥∥T[t+δ,r]∥∥ = ∥∥e(r−t)Lt∥∥ = 1 and ‖Lr − Lt‖ ≤ L|r − t| then proves
that the first term on the r.h.s. of Eq.(13) is bounded by Lδ2/2. In a similar
vein, we can bound the second term by δL|t− s| using
eδLt − eδLs =
∫ 1
0
∂r
(
e(1−r)δLserδLt
)
dr
= δ
∫ 1
0
e(1−r)δLs
(Lt − Ls)erδLtdr.

Proof of Thm. 2. For ease of notation, but w.l.o.g. we set τ = 1 so that Tn
describes an evolution for the time-interval [0, 1]. The main idea of the proof
is to use two levels of sub-divisions of this time-interval: on the coarser level,
we divide the interval into m subintervals of roughly equal size within which
we approximate the evolution governed by the initial master equation by using
constant generators. On the finer level of n  m partitions we then exploit
Thm.1 to obtain the claimed result up to an approximation error that vanishes
in the limit of large m.
QUANTUM ZENO EFFECT GENERALIZED 7
More specifically, we partition [n] := {1, . . . , n} into m subsets with the help
of a step function θ : [n]→ [0, 1], θ(i) := 1
m
d im
n
e, whose range is 1
m
[m]. For any
t ∈ [0, 1] that is a multiple of 1
n
we define the time-ordered products
W[1,t] :=
n(1−t)∏
i=1
MT[
t+ i
n
,t+ i−1
n
], W ′[t,0] := nt∏
i=1
Me
1
n
Lθ(i) , (14)
with W[1,1] := id =: W
′
[0,0]. Using that these are quantum operations (and thus
have norm bounded by one) we can exploit a telescopic sum together with
Lem.4 to obtain∥∥W[1,0] −W ′[1,0]∥∥ =
∥∥∥∥∥
n−1∑
i=0
W[
1, i+1
n
]M (T[ i+1
n
, i
n
] − e 1nLθ(i+1))W ′[
i
n
,0
]∥∥∥∥∥
≤ nmax
i
{∥∥∥∥T[ i+1
n
, i
n
] − e 1nLθ(i+1)∥∥∥∥}
≤ Lmax
i
{∣∣∣∣ in − θ(i+ 1)
∣∣∣∣+ 12n
}
≤ 3L
m
, (15)
where the last step used m ≤ n and |θ(i+ 1)− i/n| ≤ 2/m.
To emphasize the dependence on n,m, let us write W ′[1,0] =: W
′(n,m).
Applying Thm.1 we know that
W ′(m) := lim
n→∞
W ′(n,m) =
m∏
j=1
e
1
m
PLj/mPP.
Moreover, W ′ := limm→∞W ′(m) exists and corresponds to the solution of the
master equation in Eq.(11).1 This can be seen by essentially repeating the
argument in Eq.(14) and Eq.(15) with the corresponding generators and M
replaced by id. Hence, by using Tn = W[1,0] we finally arrive at the desired
result
lim sup
n→∞
‖Tn −W ′‖ ≤ lim sup
m→∞
lim sup
n→∞
( ‖Tn −W ′(n,m)‖
+ ‖W ′(n,m)−W ′(m)‖+ ‖W ′(m)−W ′‖ ) = 0.

5. Discussion
Finally, we want to discuss possible generalizations of the obtained results.
The first and rather immediate observation is that the structure that is
stated in the theorems is barely used in the proofs. Our interest was the realm
of quantum theory and therefore we decided to phrase the results in that
language. However, mathematically, it suffices to have an arbitrary Banach
space (in place of T (H)), a contraction M that satisfies the spectral condition
1In fact, this limit is the way in which the propagators are constructed in the first place
(cf. [21], Sec.7.3).
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in Eq.(1), and bounded generators Lt. The latter even need not generate a
contraction semigroup as long as only finite times are considered. In particular,
‘complete positivity’ is not used in the proofs and for instance replacing it by
‘positivity’ would be just as fine.
A second effortless generalization concerns the assumption that the time-
intervals after which M is applied are all equal. If we want to replace equally
spaced intervals [i/n, (i − 1)/n] by varying intervals [ν(i/n), ν((i − 1)/n)] for
some Lipschitz-function ν, then this is equivalent to using equally spaced in-
tervals with generators Lν(t) in place of Lt.
Finally, the proof still works if the Lipschitz assumption for t 7→ Lt in turn
is relaxed to Ho¨lder continuity for any Ho¨lder exponent α ∈ (0, 1].
Another, possibly more desirable, line of generalizations is to allow for un-
bounded generators. This direction is more challenging and beyond the scope
of this paper. The reasoning in Sec.4 seems to be extendable to families of
unbounded generators {Lt} under suitable assumptions on the domain of the
generators and the stability of the semigroups they generate (cf. Chap.7 in
[21]). The uniform operator topology then has to be left for the strong op-
erator topology. However, identifying the natural conditions under which an
analogue of the ingredient from Sec.3 still holds true has to be left for future
work. For special cases, existing results that point in this direction in the
time-independent scenario are summarized in [6].
Finally, one may allow for varying M as it is initiated in [12] or consider
finite n, but these stories have to be told elsewhere.
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